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In this paper, we show the intriguing phenomenon that for a semiprime ring with characteristic 2, the nilpotency of a nilpotent derivation must be of the form 2". Combining these two results, we show that for a general semiprime ring with no torsion condition, the nilpotency of a nilpotent derivation is either odd or a power of 2.
Let R be a semiprime ring and d a derivation of R. d is said to be nilpotent if dmR = (0) for some positive integer m. The smallest such m is called the nilpotency of d. It was proved in [1] that the nilpotency of d is always odd if R is 2-torsion free. The purpose of this note is to settle the general case without any torsion condition on R. It is known that the nilpotency of d is either a power of 2 or an odd number. This result will be used in [2] to show the invariance of the nilpotency of a derivation on any nonzero ideals.
Let us first consider the complementary case that R is of characteristic 2. THEOREM 1. Let R be a semiprime ring of characteristic 2. Suppose d is a derivation of R and dm = 0 where 2k < m < 2k+1 -1 for some positive integer k. Then d2 = 0 and hence the nilpotency of d is a power of 2.
PROOF. We proceed by induction on k. If k -1, then m = 3 and d3 -0. For any x,y G R, 0 = d3(dxy) -d2xd2y. By replacing y by yx and noting that d2 is also a derivation of R, we obtain 0 = d2xd2(yx) = d2x(d2yx + yd2x) = d2xyd2x and hence by the semiprimeness of R, d2x -0 for all x G R.
We now assume k > 1. Case 1. Suppose m < 2k+1 -1. Then m = ^ï=o aj^ where each a3 is either 0 or 1 and at least one of the a3's is zero. Let i be the smallest one with a¿ = 0. If i = 0, then m = 2m0 where m0 = £*=i cy2*_1 and 2k~1 < m0 < 2k -1. Set 6 = d2. Then 6 is a derivation with 6m° = 0. By the induction hypothesis, 62 = 0 or d2" = 0. Now assume i > 0. Then aQ = 1 and m + 1 = 2i + £*=i+1 oy2> = 2ln where n = 1 + ]Cy=»+i aj'P~%-Let 6 = d2\ Then 8 is a derivation of R and 2fc~l <n< 2k~l+1 -1. Again by induction hypothesis, ê2* ~* = 0 or d2 =0.
Case 2. Suppose m = 2fc+1 -1. In view of Case 1, we need only show that ôm_1 = 0. Suppose to the contrary that dm~1 5Í 0. Then since, for any x,y G R, 0 = dm(dm-2xy) = dm-1xdm-1y, there exists a G dm-1R, a ¿ 0, such that da = 0 and dm~1xa = adm~1y = 0 for all x,y G R. Let / be the ideal of R generated by dm~1R and let S = {(s,t)|s and t are positive integers such that Partially order S the following way: (si,ii) -< (s2,t2) iff si < s2 and ti < t2. let (p, q) be a minimal element in S and c be a nonzero element in / such that dc = 0 and dPRc = cdqR = (0).
If one of p and q is < 2fc, say q < 2k, then 0 = cô2 (xy) = cxô2 y for all x,y G R, and consequently c/ = (0). Thus, by the semiprimeness of R, c -0, a contradiction. Hence both p and a are greater than 2k. For any x, y G R, o = dm(dp-2k-lxcdo-2ky) = d2*-1a2V~2k~1zc¿>*-2fcí/) = d2"-1^"^^-2*?/) = d^xcd9" V If cdq~1y = 0 for all y G R, then (p, g -1) G S, contradicting the minimality of (p, g) in S. Hence en -cdq~1yo i1 0 f°r some yo G R. Evidently, co G I, dco -0 and moreover, codqy = cdq~1yodqy = cd2(dq~1yoy) -0 for ail y G R.
Thus (p -l,g) G S, again contradicting the minimality of (p, q) in S. Therefore d7""1 =0. Now we are in a position to prove our second result. 
